It is well known that the kinetic exchange interaction between single-occupied magnetic orbitals (s-s) is always antiferromagnetic, while between single-and double-occupied orbitals (s-d) is always ferromagnetic and much weaker. Here we show that the exchange interaction between strongly anisotropic doublets of lanthanides, actinides and transition metal ions with unquenched orbital momentum contains a new s-d kinetic contribution equal in strength with the s-s one. In noncollinear magnetic systems, this s-d kinetic mechanism can cause an overall ferromagnetic exchange interaction which can become very strong for transition metal ions. On the other hand, this mechanism is not operative for the interaction between anisotropic doublets and isotropic spins. Anderson's kinetic exchange (superexchange) interaction [1, 2] is ubiquitous in magnetic molecules [3, 4] and insulating materials [5, 6] . In particular, the kinetic mechanism has been found as dominant contribution to the exchange interaction in various transition metal compounds. In these systems, the sign of kinetic exchange coupling is controlled by Goodenough-Kanamori rules [2, 5, 6] . Kinetic exchange has been often advocated as reason for orbital ordering in transition metal oxides with orbitally degenerate metal sites [7] , especially, in magnetoresistive manganites [8] . This mechanism is equally important in f electron systems such as lanthanide and actinide compounds [9] [10] [11] . However its realization in these materials is expected to be different from transition metal compounds due to a more complex structure of multielectronic states on the metal sites, involving complex magnetic orbitals. The last are stabilized by strong spin-orbit coupling in lanthanides and actinides giving rise to unquenched orbital momentum in their low-lying multiplets [12] , which persists in any geometry of their environment. Unquenched orbital momentum also occurs in many transition metal complexes and fragments when the latter possess cubic [13] or axial [14] symmetry, and it was proved that its effects can persist also under significant deformations of the ligand environment [15] . Nonetheless, despite numerous examples of strongly anisotropic magnetic materials with unquenched orbital momentum on the metal sites, the basic features of kinetic exchange interactions in them have not been yet elucidated.
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In this work the kinetic exchange interaction for metal sites with unquenched orbital momentum is investigated. On the example of strongly axial doublet states, we show that the paradigm of active magnetic orbitals as always belonging to half-filled ones does not hold for strongly anisotropic systems with unquenched orbital momentum on sites. In such systems the kinetic exchange interaction between single-and double-occupied orbitals is found to be of equal strength with conventional superexchange in- teraction between single-occupied orbitals and can even make the entire interaction ferromagnetic. Doublets with unquenched orbital momentum.-Metal ions are often characterized by non-zero orbital momentumL [13, 16] . However, in order to keep (part of) it unquenched in complexes and crystals, the metal ions should also possess strong spin-orbit coupling which splits strongly the atomic (ionic) LS term in multiplets corresponding to definite total angular momentum J =L +Ŝ [16] . This is a standard situation in lanthanides and actinides [11, 12] . Transition metal complexes in a threefold degenerate orbital state possess an unquenched orbital momentum corresponding to an effectiveL=1 [13] . In this case the spin-orbit coupling leads to the formation of multiplets corresponding to total pseudo momentumJ = S + 1, S, |S − 1|. In low-symmetry crystal field, the (pseudo) Jmultiplets on metal sites split into Kramers doublets in the case of odd number of electrons, or into singlets in the case of even number of electrons. The singlets in the latter case group in quasi doublets for large J or form perfectly degenerate (Ising) doublets in environments of axial symmetry [17] . In all these doublets the two wave functions are related by time inversion [16] . Besides, they are magnetic and contain a significant contribution of orbital momentum [18] . The latter necessarily implies that the magnetic orbitals and the wave functions of the doublets are complex. In the following we consider the simplest case of an axial crystal field, in which the atomic orbital wave functions preserve the projection of orbital momentum (l) on the symmetry axis (m). The crystal-field orbitals are twofold degenerate with respect to the sign of the projection m and are described by the eigenfunctions |l, ±m (Fig. 1) . For more than half-filled atomic orbital shell l N , N > l, the ground atomic multiplet corresponds to J = L + S while the wave functions corresponding to the maximal projection, M J = ±J, are represented by single Slater determinants. An example is the ground Kramers doublet of Dy 3+ ion in strong axial crystal field shown in Fig. 1 [17] . Further we consider this kind of doublets only, which allows us to describe the exchange mechanism in the most simple way, though the discussed effects are general for all doublets with unquenched orbital momentum. It is worth mentioning that the doublet states |J, ±J appear quite often in the ground state of lanthanides and represent a great interest for the design of single-molecule magnets [19] .
Exchange interaction for collinear doublets.-The kinetic exchange interaction between doublet states is conveniently described by pseudospin formalism [16] , in which the doublet eigenfunctions |J, ±J are put in correspondence to eigenfunctions |1/2, ±1/2 of an effectivẽ S = 1/2. First, we consider the case of collinear doublets, when their main magnetic axes are parallel. Since oneelectron transfer processes neither can switch nor mix the two doublet wave functions on each metal site, for relatively large J, the exchange Hamiltonian reduces to the following Ising form:Ĥ = −JS 1zS2z ,
whereS iz is the z component of theS i , directed along the main magnetic axis on the corresponding metal site.
In the second order of perturbation theory after electron transfer, the exchange coupling constants involving contributions from s-s and s-d processes (Fig. 2) are obtained as follows:
where m and n denote the orbitals on site 1 and 2, respectively, by corresponding angular momentum projections (Fig. 2) , and s i and d i indicate the sets of single-and double-occupied orbitals in the electron configuration |J, J of site i, respectively. For example, for Dy 3+ ion (site 1 in Fig. 2 ) s i = {−3, −2, −1, 0, 1} and d i = {2, 3}. In these equations, t m,n are electron transfer parameters between orbitals m and n, and U ij is the electron promotion energy from site i to site j.
While Eq. (2) looks as a standard expression for the s-s kinetic exchange parameter [1, 2] , the s-d kinetic contribution, Eq. (3), does not appear for isotropic magnetic systems in this lowest order of the perturbation theory. We can see that it contains electron transfer terms of both signs, i.e., antiferromagnetic and ferromagnetic contributions. The terms with m = 0 in the two brackets of Eq. (3) mutually cancel because of the relation |t 0,n | = |t 0,−n | [20]. Another evident cancellation occurs for terms with n = 0. The other pairs of terms in (3), with m, n = 0, will not cancel each other unless the metal-ligand-metal fragment possesses special point symmetry. Therefore, for general geometry of exchange-coupled pairs the s-d kinetic exchange is operative and represents a new mechanism of exchange interaction, proper to strongly anisotropic metal ions with unquenched orbital momentum only. The peculiarity of this mechanism is that it is of the order ∼ t 2 /U , i.e., of similar strength as the s-s kinetic superexchange, Eq. (2). However, at variance to the latter, the s-d kinetic exchange can be both antiferromagnetic and ferromagnetic as Eq. (3) the transfer parameters contributing to Eq. (3) satisfy the relations |t m,n | = |t −m,−n |. Using these relations, the total exchange parameter J = J s-s + J s-d is obtained as
Despite its similar form with J s-s in (2), the above expression involves different orbitals in the second summation. The kinetic exchange interaction between a strongly axial doublet and an isotropic spin is described by the same Ising Hamiltonian (1) in which one of the pseudospin operators is replaced by the real spin projection S z of the corresponding site. The expressions for the exchange parameters coincide with Eqs. (2) and (3), in which the second summation runs over real orbitals (a) for isotropic spin site. Applying the same argument as for the orbital m = 0 in the previous case, we come to the relations |t −n,a | = |t n,a | which cancel the terms in each bracket of Eq. (3). Thus no s-d kinetic mechanism is expected in this case.
Exchange interaction for non-collinear doublets.-In non-collinear magnetic systems the main magnetic axes on sites make an angle φ (Fig. 3) . The new feature which appears in this case is that electron can transfer to an orbital of a neighbor site in both ferro and antiferro configuration (see the definition in Fig. 3) , with the probability depending on φ. As in the collinear case, the single-electron transfer processes cannot switch the multiplet components, |J, J |J, −J , when J is sufficiently large. Therefore, the exchange interaction will be described by the same Ising Hamiltonian (1) with the difference that now pseudospin operators describe momentum projections along corresponding main magnetic axes (z 1 and z 2 in Fig. 3 ). The exchange parameter corresponding to s-s processes is obtained as
and contains now both ferro and antiferro contributions. On the other hand the exchange parameter for the s- d processes remains unchanged, Eq. (3). One can see from Eq. (5) that J s-s is not proportional to cos φ unless we have an additional condition |t m,n | = |t m,−n |. As was discussed above, the latter is fulfilled for interacting axial doublet and isotropic spin, in which case also the s-d contribution, Eq. (3), vanishes. One should note that the transfer parameters in Eqs. (3) and (5) are defined for orbitals quantized along main magnetic axes on the corresponding metal sites and, therefore, are implicitly dependent on angle φ.
Ferromagnetic kinetic exchange interaction.-Contrary to collinear case for which J is always antiferromagnetic (Eq. (4)), the contributions J s-s and J s-d can be of either sign in non-collinear systems, so that the resulting exchange interaction can be both ferro and antiferromagnetic. To investigate this situation we consider a symmetric homonuclear dimer model. We assume that the electron transfer only takes place between one pair of orbitals, t ≡ t Figure 4 (a) shows calculated J for µ = 3 as function of φ. For small angles, 0 ≤ φ π/4, J is always antiferromagnetic. In this domain |J | decreases with increasing φ and at some critical φ c < π/2 becomes ferromagnetic. Remarkably, the magnitude of the ferromagnetic J is of the order ∼ t 2 /U and its relative strength gradually increases when approaching the end of the lanthanide series. Figures 4(b) ,(c) show the evolution of J s-s (5) and J s-d (3). For φ < π/2, the s-s and s-d processes stabilize the antiferro and ferromagnetic states, respectively. They are found in competition and the latter (s-d) begins to exceed the former (s-s) at a critical φ c , which has a simple explanation. The number of single-occupied orbitals decreases with the increase of the number of f electrons (N ). Following this trend, the J s-s will always decrease with N . On the contrary, J s-d roughly depends on the multiplication of the number of single-and double-occupied orbitals. This is the reason why it first increases with N till N = 11 and then begins to decrease. As a result, the critical φ c decreases with the increase of N and in the cases of Ho, Er and Tm complexes, the critical φ c is as small as ca π/4. The reasons given above explain also the decrease of J in the domain 0 < φ < π/2 when moving towards the end of the lanthanide series (Fig. 4(a) ). For φ > π/2, the s-s and s-d processes tend to stabilize the ferro and antiferromagnetic states, respectively. In this domain the contribution from the s-d processes is dominant because the contribution from s-s processes gradually decreases with φ and becomes completely quenched at φ = π.
The change of the sign of kinetic exchange parameter is not specific only to lanthanides. Similar results are obtained for compounds with transition metal sites in axial ground doublet states with unquenched orbital momentum. Figure 5 shows the calculated J for several d-metal complexes in the model introduced above for a non-zero transfer parameter t ≡ t Conclusions.-In this work, we investigate the kinetic exchange interaction between axial magnetic doublets with unquenched orbital momentum. We find a new mechanism of exchange interaction based on electron transfer between single-and double-occupied orbitals. This kinetic contribution is as strong as the conventional superexchange between single-occupied orbitals but, at variance to the latter, can be ferromagnetic. In noncollinear magnetic systems the s-d kinetic mechanism can cause an overall ferromagnetic exchange interaction of the order of t 2 /U , starting from angles ∼ π/4 between main magnetic axes. At the same time this mechanism is not operative for the interaction between anisotropic doublets and isotropic spins. The obtained results offer a new view on the exchange interaction in lanthanides, actinides and transition metal ions with unquenched orbital momentum. In particular, they show the way to achieve strong ferromagnetic coupling between metal ions, a long sought goal in magnetic materials [4] . N. I. would like to acknowledge the financial support from the Flemish Science Foundation (FWO) and the GOA grant from KU Leuven.
